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ABSTRACT
The constraints on the Sgr A* black hole (BH) and accretion 
ow parameters are found by �t-

ting polarized sub-mm observations. First, we compile a mean Sgr A* spectrum by averaging ob-
servations over many epochs from reports in 29 papers, which results in a robust spectrum de-
termination with small standard errors. We �nd the mean 
ux F� , linear polarization (LP) frac-
tions, circular polarization (CP) fractions, and electric vector position angles (EVPA). We run three-
dimensional general relativistic magnetohydrodynamical (3D GRMHD) simulations for dimensionless
spins a� = 0 ; 0:5; 0:7; 0:9; 0:98 over a 20000M time interval, construct averaged dynamical models,
perform radiative transfer, and explore the parameter space ofspin a� , inclination angle � , position
angle (PA), accretion rate _M , and electron temperatureTe at radius 6M . A new general relativistic
polarized radiative transfer code is implemented to simulate polarized
uxes from the averaged models.
Averaged dynamical models are compiled by averaging simulations over time. In the main \RMS-
�eld" model, the magnetic �eld is directed along the time-averaged �e ld and has a strength of the
root-mean-square �eld. A model with linear time-averaged magnetic �eld is also tested. We perform
� 2 per degrees of freedom (dof) statistical analysis to quantify thegoodness of models in �tting mean

uxes, LP and CP fractions between 88 GHz to 857 GHz. The RMS-�eld model favors spina� = 0 :9
with minimum � 2=dof � 4:0: Correspondent 90% con�dence intervals for spina� = 0 :9 simulation are
� = 53 � � 3� , PA = 121 � � 20� , _M = (1 :09 � 0:13) � 10� 8M � year� 1, Te = (4 :62 � 0:56) � 1010 K at
6M: The linear averaged magnetic �eld model with same spin gives similar expectation values. By
combining the results from spina� = 0 :9 models we obtain the conservative estimates:� = 50 � � 59� ,
PA = 101 � � 143� , _M = (0 :9 � 1:7) � 10� 8M � year� 1, Te = (2 :7 � 5:2) � 1010 K at 6M: Fitting only
the 
ux spectrum without LP and CP fractions results in the best � 2

F =dof < 1 for a� = 0 :7; 0:9; 0:98
and much wider con�dence intervals, thus polarization is an essential component for constraining the
spin, disk orientation, and 
ow properties. We identify physical phenomena leading to matched LP
fraction, CP fraction, EVPA by sequentially switching o� radiative tr ansfer e�ects. In particular, the
observed amount of CP is produced by Faraday conversion. The emission region size at 230 GHz
of the best-�tting RMS-�eld model with spin a� = 0 :9 is consistent with the size 37� as observed by
VLBI methods.
Subject headings:accretion, accretion disks { black hole physics { Galaxy: center { radiative transfer

{ relativistic processes | polarization

1. INTRODUCTION

Our Galactic Center black hole is one of many inactive
galactic cores, the only distinctive feature being its prox-
imity to us. The mass of the black hole (BH) is known to
beM � 4:5�106M � (Ghez et al. 2008) and the spin is un-
certain. It resides at a distance of aboutd � 8:4 kpc. Be-
cause of such proximity, many observations of the source
were made in all wavelengths, which are not completely
obscured by absorption: 
 -rays, X-rays, IR, (sub-)mm,
and radio. The origins of X-rays are bremsstrahlung from
hot gas near the radius of BH gravitational in
uence
(Narayan, Yi & Mahadevan 1995; Narayan et al. 1998;
Shcherbakov & Bagano� 2010) and Compton-scattered
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emission close to the horizon (Moscibrodzka et al. 2009).
X-rays at large radius are spatially resolved, which gives
an opportunity to test dynamical models far from the
black hole (Shcherbakov & Bagano� 2010). The sub-
mm emission is cyclo-synchrotron originating close to the
black hole. Cyclo-synchrotron emission is polarized, both
linear and circular polarizations were observed from Sgr
A* at several sub-mm wavelengths. The accretion 
ow
was recently resolved at 230 GHz (Doeleman et al. 2008).
General relativistic (GR) e�ects were deemed necessary
to explain the small size with full width at half maxi-
mum (FWHM) of 37 � as. The radio emission is also pro-
duced by cyclo-synchrotron, but at larger distance from
the BH. Thus, to study the e�ects of GR, one should
model sub-mm polarized observations while also consid-
ering the amount of Compton-scattered X-rays. Model-
ing the sub-mm in the range 88 GHz to 857 GHz is the
goal of the present paper.

First, we need to understand which observations to
�t. Sgr A* is a variable source with a variability am-
plitude routinely reaching 30% in sub-mm. A popu-
lar approach is to �t simultaneous observations (e.g.
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Yuan, Quataert & Narayan 2004; Broderick et al. 2009),
in particular the set from Falcke et al. (1998). However,
one cannot easily combine two sets of observations in
such an approach: the addition of a new frequency would
require redoing observations of every other frequency at
that instant of time. Simultaneous observations of lin-
ear polarization (LP) and circular polarization (CP) at
several frequencies were not yet performed. Thus, it is
quite reasonable to consider non-simultaneous statistics
of all observations at all frequencies instead and �nd the
mean values and standard errors of quantities at each
frequency. We check that samples of observed 
uxes and
LP fractions are consistent with a Gaussian distribution
at � � 88 GHz.

A good GR dynamical model of accretion is re-
quired to reproduce the observations. There are
now numerous accretion 
ow models applicable to
the Galactic Center: advection-dominated accretion

ow (ADAF) (Narayan & Yi 1995), adiabatic in
ow-
out
ow solution (ADIOS) (Blandford & Begelman
1999), jet-ADAF (Yuan, Marko� & Falcke 2002), jet
(Maitra, Marko� & Falcke 2009), and the models
directly based on numerical simulations. These quasi-
analytical models in general have a large number of free
parameters and also incorporate many assumptions that
are not generally justi�able (Huang et al. 2008, 2009a),
which leads to unreliable constraints on the properties of
the black hole accretion 
ow. The numerical simulations
require fewer inputs and settle into a quasi-steady
accretion, which justi�es their use. GRMHD simula-
tions, like those performed in McKinney & Blandford
(2009); Fragile et a. (2009); Noble & Krolik (2009);
Moscibrodzka et al. (2009); Penna et al. (2010), are
necessary for modeling matter infall onto a rotating
BH. The behavior of accretion is also di�erent be-
tween two-dimensional and three-dimensional models
(Igumenshchev 2008) due to Cowling's anti-dynamo
theorem, so we model the 
ow in three dimensions.
Numerical simulations are limited to a region relatively
close to the BH (Dexter et al. 2009; Moscibrodzka et al.
2009), whereas some emission and some Faraday
rotation might happen far from the BH. Thus, we
analytically extend the modeled region out to 20000M ,
do radiative transfer, and �nd the best �t to the data.
The extension to large radius allows us to de�ne the
electron temperature more consistently (Sharma et al.
2007). We �nd a posteriori (see Appendix A) that the
simulated polarized spectra are insensitive to variations
of analytic extensions of density and temperature, but
may depend on the extension of the magnetic �eld.

A good dynamical model does not eliminate the
uncertainty of comparing to data. Indeed, correct
radiative transfer and statistical analysis are neces-
sary for such a comparison. The simplest Newtonian
radiation consideration (Yuan, Quataert & Narayan
2004) does not provide a means to treat radiation close
to the BH. A quasi-Newtonian approach o�ers some
improvement (Goldston, Quataert & Igumenshchev
2005; Chan et al. 2009). General relativistic treatments
of unpolarized light (Fuerst & Wu 2004; Dexter et al.
2009; Dolence et al. 2009) capture most GR e�ects,
but only polarized general relativistic radiative trans-
fer (Broderick et al. 2009; Gammie & Leung 2010;
Shcherbakov & Huang 2011) is exact and captures

all GR phenomena. The present paper adopts this
approach. We are able to compare the results of
modeling to extensive polarization data, constraining
much better the 
ow parameters and spin. In fact,
�tting only the total 
ux spectrum might not constrain
the spin. Spin values from a� = 0 (Broderick et al.
2009) to a� = 0 :9 (Moscibrodzka et al. 2009) are
found in the literature. Other radiation ingredients
may include Comptonization (Moscibrodzka et al.
2009) and radiation from non-thermal electrons
(Mahadevan 1998; •Ozel, Psaltis & Narayan 2000;
Yuan, Quataert & Narayan 2004). We do not consider
non-thermal electrons, but �nd that strong radio emis-
sion at � < 50 GHz is produced in polar 
ow regions
even by thermal electrons. Emissivities are calculated
in synchrotron approximation (Legg & Westfold 1968;
Sazonov 1969; Pacholczyk 1970; Melrose 1971) with an
exact thermal electron distribution. Emissivities in the
synchrotron approximation are very close to the exact
cyclo-synchrotron emissivities (Leung, Gammie & Noble
2009; Shcherbakov & Huang 2011), so we use the former.
However, the exact Faraday rotation and conversion
expressions are employed (Shcherbakov 2008), as no
similar approximations exist for them.

The comparison of simulations to observations were
done in the past \by eye" in studies of Sgr A* until
quite recently, when Broderick et al. (2009) followed by
Dexter et al. (2009) introduced statistical analyses. We
extend their approach by incorporating the statistics of
LP and CP fractions and comparing simulated spectra to
observed ones at many frequencies simultaneously. After
checking for normality of observations, computing their
means and standard errors, we employ� 2 statistics. We
search the space of all parameters: spina� , inclination
� , ratio of proton to electron temperatures Tp=Te at dis-
tance 6M from the center, and accretion rate _M to �nd
the minimum � 2 models. We �nd models with � 2 rel-
atively close to unity. Then we integrate the � 2 proba-
bility density function (PDF) over the entire parameter
space and compute the expectation values of model pa-
rameters together with the uncertainties and 90% con�-
dence intervals. Full statistical analysis is performed in
the present work.

The paper is constructed as follows. We summarize
the observational manifestations of the accretion 
ow in
the sub-mm in x 2. The 3D GRMHD simulations are
described in x 3 together with the physically-motivated
extension to large radii, the electron heating prescription,
and the 
ow averaging prescription. We run simulations
for dimensionless spinsa� = a=M = 0 ; 0:5; 0:7; 0:9; 0:98.
As the required CPU time to compute the average of
simulated spectra via many snapshots to mimic observa-
tions is prohibitively large, we perform radiative trans-
fer over averaged models. The GR polarized radiative
transfer technique is elaborated upon inx 5. The statis-
tical analysis is presented inx 6. The set of observations
considered consists of the spectral energy distribution
(SED) within the 88 GHz to 857 GHz frequency range,
linear polarization (LP) fractions at 88 GHz, 230 GHz,
and 349 GHz, and circular polarization (CP) fractions
at 230 GHz and 349 GHz. Inx 7 we discuss numerous
results: the best �ts to observations, the behaviors of� 2

near the best �ts, the importance of various physical ef-
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fects in producing the observed CP, LP, and electric vec-
tor position angle (EVPA), expectation values of quan-
tities and con�dence intervals, and image size estimates.
We show the actual images of total and polarized intensi-
ties and generate movies. Discussion inx 8 compares the
results to previous estimates, emphasizes the signi�cance
of polarization, notes the sources of errors, and outlines
prospects for future work. We note that �tting only the
total 
ux provides very loose constrains on the 
ow. In
Appendix A we perform a number of convergence tests
for radial extension of the dynamical model and GR po-
larized radiative transfer code. Throughout the paper we
measure distance and time in the units of BH massM
by setting the speed of light and gravitational constant
to unity.

2. OBSERVATIONS

Sgr A* is known to be a highly variable source, yet
quiescent models of Sgr A* emission are popular and
useful. Unlike the drastic variations of X-ray and NIR

uxes (Bagano� et al. 2001; Genzel et al. 2003), sub-
mm 
uxes do not vary by more than a factor of 2 � 3
(Zhao et al. 2003). Thus, it is reasonable to approxi-
mate the distribution of observed 
uxes at each frequency
and polarization type by a Gaussian, �nd the mean and
the standard error and use the framework of standard
� 2 analysis. Previously, the 
ux spectra were modeled
by Yuan, Quataert & Narayan (2004); Broderick et al.
(2009). However, both papers summarize a limited set of
observations and do not perform any averaging. Sub-mm

ux data reported in Yuan, Quataert & Narayan (2004)
consists of a short set of observations by Falcke et al.
(1998) and one set of SMA observations by Zhao et al.
(2003). Broderick et al. (2009) adds to these the rest
of SMA total 
ux data (Marrone et al. 2006a,b, 2007,
2008). Thus, only 6 out of at least 29 papers on sub-mm
observations of Sgr A* were employed. Our work com-
putes a properly averaged spectrum based on all papers
to date reporting sub-mm observations of Sgr A*.

The reported observations vary greatly in the cov-
ered period from several hours (An et al. 2005) to sev-
eral years (Zhao et al. 2003; Krichbaum et al. 2006). We
know that variations of a factor of 2 may happen within
several hours (Yusef-Zadeh et al. 2009), whereas more
than a factor of several are never observed in the sub-mm.
Thus, 
uxes observed more than a day apart are weakly
correlated. A question of autocorrelation timescales will
be addressed in more detail in future work. We, there-
fore, consider the following averaging technique to ro-
bustly sample the distributions of 
uxes. First, we de-
�ne groups of close frequencies, where frequencies are dif-
ferent by no more than several percent from the mean.
There are 11 groups (see Table 1). We have excluded
papers reporting frequencies far from the mean of each
group. In particular, 94 GHz and 95 GHz observations in
Li et al. (2008); Falcke et al. (1998) and the 112 GHz ob-
servations in Bower et al. (2001) are excluded. A mean
frequency is ascribed to represent each group. Then we
take all the reported observations of each polarization
type (total 
ux, LP and CP fraction, EVPA) for each
group and draw the largest sample of 
uxes/polarization
fractions observed more than one day apart. When sev-
eral 
uxes are reported over a period of several hours
(Yusef-Zadeh et al. 2009), we normally only draw one

data point from the very beginning of such an observa-
tion. There are some unreliable observations over the set
of papers. Often unreliable data is produced by observ-
ing in sub-mm with large beam size. Light from Sgr A*
is blended with dust and other sources. For example,
SMT data (Yusef-Zadeh et al. 2009), early CSO mea-
surements (Serabyn et al. 1997), and early JCMT mea-
surements (Aitken et al. 2000) may have such issues. We
exclude these data from the sample. The interferometric
observations, especially with VLBI, help to reduce an er-
ror of otherwise unreliable observations, e.g. with BIMA
array (Bower et al. 2001). However, some inconsisten-
cies still exist for simultaneous observations at the same
frequency with di�erent instruments (Yusef-Zadeh et al.
2009).

After a robust sample of 
uxes, polarization fractions,
and EVPA angles is found for each frequency group, we
compute the mean, the standard error and check (by
Kolmogorov-Smirnov test) that the data are consistent
with the resultant Gaussian distribution. For LP frac-
tions we consider the statistics of log(LP): The summary
of results is presented in Table 1. CP fractions of� 1:2%
at 230 GHz and � 1:5% at 349 GHz are based on pre-
liminary work by SMA collaboration with the reported
error � 0:3% of instrumental nature. The p-values of
the Kolmogorov-Smirnov consistency test are above 0:05
for log(LP) and EVPA in each frequency group, which
shows the consistency of sample 
uxes/LP fractions with
Gaussians and validates the� 2 analysis. Also, p > 0:05
holds for 
uxes at all frequencies except� = 14:90 GHz,
� = 22:50 GHz, � = 43 GHz. Exceptionally large sam-
ples of > 100 
uxes are reported in Herrnstein et al.
(2004) for those frequencies. The 
ux distribution at
� � 43 GHz is found to be bimodal and inconsistent
with a Gaussian. However,p = 0 :7 for the Kolmogorov-
Smirnov test at � = 230 GHz despite a large sample of
50 
uxes. Thus, we prove that the current state of obser-
vations supports Gaussian distributions ofF� , log(LP),
CP, and EVPA for frequencies � � 88 GHz and allows
for � 2 statistical analysis based on computed means and
standard errors. Note also, that standard errors in our

ux samples are smaller than the error bars of old obser-
vations (Falcke et al. 1998; Yuan, Quataert & Narayan
2004; Broderick et al. 2009), but the errors are still
larger compared to contemporary single-observation in-
strumental errors (Marrone et al. 2007). Thus, we do
not incorporate instrumental error in our estimates of
an error of a 
ux sample mean. The same is true for
log(LP) and EVPA. We do not incorporate the source
size measurements (Doeleman et al. 2008) in calculating
the � 2, but check that the best �t model is consistent
with those observations. Figure 1 shows a compilation
of the mean quantities with their Gaussian standard er-
rors. The data are represented by both error bars and
the interpolated shaded area in between. A red dashed
curve on F� plot represents the analytic approximation
F� = 0 :248� 0:45 exp(� (�= 1100)2), where 
ux is in Jy and
frequency is in GHz.

3. DYNAMICAL MODEL: 3D GRMHD SIMULATIONS

Our radiative transfer calculations take the results of
simulations of accretion 
ows onto black holes as input.
These simulations are similar to those in Penna et al.
(2010). We review the methodology.
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Table 1
Summary of Sgr A* radio/sub-mm observations

� [GHz] Telescopes F � [Jy] LP [%] CP [%] EVPA [ � ]
8.45 VLA 0:683 � 0:032 (Serabyn et al. 1997; Falcke et al.

1998; Bower et al. 1999a; An et al. 2005)
� � � � 0:26 �

0:06 b

(Bower et al.
1999a)

14.90 VLBA, VLA 0:871 � 0:012 a (Serabyn et al. 1997;
Falcke et al. 1998; Bower et al. 2002;
Herrnstein et al. 2004; An et al. 2005;
Yusef-Zadeh et al. 2009)

� � � � 0:62 �
0:26 b

(Bower et al.
2002)

� � �

22.50 VLBA, VLA 0:979 � 0:016 a (Serabyn et al. 1997;
Falcke et al. 1998; Bower et al. 1999b;
Herrnstein et al. 2004; An et al. 2005; Lu et al.
2008; Yusef-Zadeh et al. 2007, 2009)

0:20 � 0:01 b

(Bower et al.
1999b;
Yusef-Zadeh et al.
2007)

� � � � � �

43 GMVA, VLBA,
VLA

1:135 � 0:026 a (Falcke et al. 1998; Lo et al.
1998; Bower et al. 1999b; Herrnstein et al.
2004; An et al. 2005; Shen et al. 2005;
Krichbaum et al. 2006; Yusef-Zadeh et al.
2007; Lu et al. 2008; Yusef-Zadeh et al. 2009)

0:50 + 0 : 27
� 0 : 17

b

(Bower et al.
1999b;
Yusef-Zadeh et al.
2007)

� � � � � �

88 BIMA, MPIfR,
VLBA, VLA,
Nobeyama,
NMA, CARMA

1:841 � 0:080 (Falcke et al. 1998;
Krichbaum et al. 1998; Bower et al. 1999b;
Doeleman et al. 2001; Miyazaki et al.
2004; Shen et al. 2005; Krichbaum et al.
2006; Macquart et al. 2006; Lu et al. 2008;
Yusef-Zadeh et al. 2009)

1:03 + 0 : 21
� 0 : 18

c

(Bower et al.
1999b;
Macquart et al.
2006)

� � � -4 d

(Bower et al.
1999b;
Shen et al.
2005;
Macquart et al.
2006)

102 OVRO,
CSO-JCMT,
Nobeyama,
NMA, IRAM

1:91 � 0:15 (Serabyn et al. 1997; Falcke et al.
1998; Miyazaki et al. 2004; Mauerhan et al.
2005; Yusef-Zadeh et al. 2009)

� � � � � � � � �

145 Nobeyama,
NMA, IRAM,
JCMT

2:28 � 0:26 (Falcke et al. 1998; Aitken et al.
2000; Miyazaki et al. 2004; Yusef-Zadeh et al.
2009)

� � � � � � � � �

230 IRAM, JCMT,
BIMA, SMA,
OVRO

2:64 � 0:14 (Serabyn et al. 1997; Falcke et al.
1998; Aitken et al. 2000; Bower et al. 2003,
2005; Zhao et al. 2003; Krichbaum et al.
2006; Marrone et al. 2006a, 2007, 2008;
Doeleman et al. 2008; Yusef-Zadeh et al. 2009)

7:02 + 0 : 63
� 0 : 58

c

(Bower et al.
2003, 2005;
Marrone et al.
2007, 2008)

� 1:2 � 0:3b

(Munoz et al.
(2009),
Munoz et
al. 2010, in
prep.)

111 :5 � 5:3
(Bower et al.
2003, 2005;
Marrone et al.
2007, 2008)

349 SMA, CSO,
JCMT

3:18 � 0:12 (Aitken et al. 2000; An et al.
2005; Marrone et al. 2006b, 2007, 2008;
Yusef-Zadeh et al. 2009)

6:14 + 0 : 75
� 0 : 67

c

(Marrone et al.
2006b, 2007)

� 1:5 � 0:3
b (Munoz et
al. 2010, in
prep.)

146 :9 � 2:2
(Marrone et al.
2006b, 2007)

674 CSO, SMA 3:29 � 0:35 (Marrone et al. 2006a, 2008;
Yusef-Zadeh et al. 2009)

� � � � � � � � �

857 CSO 2:87 � 0:24 (Serabyn et al. 1997; Marrone et al.
2008; Yusef-Zadeh et al. 2009)

� � � � � � � � �

aFlux observations at 14 :9; 22:5; 43 GHz are inconsistent with a Gaussian distribution (Herrn stein et al. 2004), while other 
uxes, CP
fractions and logarithms of LP fractions are consistent wit h Gaussian distributions.

b The uncertainty of the mean in these quantities is given by in strumental errors.
cStandard errors are computed for logarithms of LP fractions .
d The mean EVPA at 88 GHz is uncertain due to the � 180� degeneracy; e.g. the reported EVPA = 80 � could as well be interpreted as

� 100� :

3.1. Governing equations

We simulate radiatively ine�cient accretion 
ows (RI-
AFs) onto rotating black holes using a three-dimensional
fully general relativistic code (seex3.3). The black hole is
described by the Kerr metric. We work with Heaviside-
Lorentz units. Our �ve simulations correspond to di�er-
ent choices of the dimensionless black hole spin parame-
ter: a� = 0 ; 0:5; 0:7; 0:9, and 0:98. The self-gravity of the
RIAF is ignored.

The RIAF is a magnetized 
uid, so we solve the
GRMHD equations of motion (Gammie et al. 2003).
Mass conservation gives:

r � (�u � ) = 0 ; (1)

where � is the 
uid frame rest-mass density, u� is the
contravariant 4-velocity, and r � is the covariant deriva-

tive. Energy-momentum conservation gives

r � T �
� = 0 ; (2)

where the stress energy tensorT �
� includes both matter

and electromagnetic terms,

T �
� = ( � + ug + pg + b2)u� u� + ( pg + b2=2)� �

� � b� b� ; (3)

whereug is the internal energy density andpg = (� � 1)ug

is the ideal gas pressure with � = 4=3 3. The con-
travariant 
uid-frame magnetic 4-�eld is given by b� and
is related to the lab-frame 3-�eld via b� = B � h�

� =ut

where h�
� = u� u� + � �

� is a projection tensor, and � �
� is

the Kronecker delta function (Gammie et al. 2003). We
often employ b below, which is the orthonormal mag-
netic �eld vector in a comoving locally 
at reference

3 Models with � = 5 =3 show some minor di�erences com-
pared to models with � = 4 =3 (McKinney & Gammie 2004;
Mignone & McKinney 2007).
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Figure 1. Mean observed SEDs of speci�c 
ux F � , linear polarization (LP) fraction, electric vector posit ion angle (EVPA), and circular
polarization (CP) fraction. The error bars show the 1 � standard error of the mean. The dashed line on the F � plot represents the analytic
approximation F � (Jy) = 0 :248� 0:45 exp(� (�= 1100)2 ) for frequency � in GHz (not the simulated SED). As noted in Table 1, the error i s
instrumental for CP, whereas it is computed from a sample of o bserved quantities for 
ux, LP and EVPA.

frame (Penna et al. 2010). The magnetic energy den-
sity (ub) and magnetic pressure (pb) are then given by
ub = pb = b� b� =2 = b2=2 = b2=2. Note that the angular
velocity of the gas is 
 = u� =ut .

Magnetic 
ux conservation is given by the induction
equation

@t (
p

� gB i ) = � @j [
p

� g(B i vj � B j vi )]; (4)

wherevi = ui =ut , and g = Det( g�� ) is the determinant of
the metric. No explicit resistivity or viscosity is included.

In Penna et al. (2010), we studied both RIAFs and ge-
ometrically thin, radiatively e�cient disks. For the later
case, a cooling term was added to the energy-momentum
equation (2) to describe radiative losses and keep the
disk thin. The current set of models are all RIAFs, so no
cooling term is needed, energy generated by viscous dis-
sipation is advected along with the 
ow or transported
out due to convection or in a wind.

3.2. Physical models

The initial mass distribution is an isen-
tropic equilibrium torus (Chakrabarti 1985a,b;
De Villiers, Hawley & Krolik 2003) with pressure
p = K 0� 4=3 for K 0 = 0 :009: The torus inner edge is
at r in = 20M and maximum density and pressure are
at Rmax = 65M . We initialize the solution so that
� = 1 at the pressure maximum. As in Chakrabarti
(1985a), the angular velocity distribution of the initial
torus is a power law , where for the Chakrabarti
(1985a) q-parameter we chooseq = 1 :65 (At large radii

 � (r=M )� q.). The thickness of the torus at the

pressure maximum is thenjh=rj = 0 :3, where

jh=rj �

R R R
j� � �= 2j � (r; �; � )dA�� dt

R R R
� (r; �; � )dA�� dt

; (5)

where dA�� �
p

� gd�d� is an area element in the� � �
plane, and the integral overdt is a time average over the
period when the disk is in a steady state (seex3.6). A ten-
uous atmosphere �lls the space outside the torus. It has
the same polytropic equation of state as the torus,p =
K 0� � , with � = 4 =3, and an initial rest-mass density of
� = 10 � 6(r=M )� 3=2, corresponding to a Bondi-like atmo-
sphere. The torus is threaded with three loops of weak,
poloidal magnetic �eld: the initial gas-to-magnetic pres-
sure ratio is � = pg;max =pb;max = 100, where pmax and
pb;max are the maximum values of the gas and magnetic
pressure in the torus. This approach to normalizing the
initial �eld is used in many other studies (Gammie et al.
2003; McKinney & Gammie 2004; McKinney 2006a;
McKinney & Narayan 2007b; Komissarov & McKinney
2007; Penna et al. 2010).

Recent GRMHD simulations of thick disks indicate
that the results for the disk (but not the wind-jet, which
for us is less important) are roughly independent of the
initial �eld geometry (McKinney & Narayan 2007a,b;
Beckwith et al. 2008a). The vector potential we use is
the same as in Penna et al. (2010). It is

A �; N / Q2 sin
�

log(r=S)
� �eld =(2�r )

�
[1 + 0:02(ranc� 0:5)] ;

(6)
with all other A � initially zero. We use Q = ( ug=ug;max �
0:2)(r=M )3=4, and set Q = 0 if either r < S or Q < 0:
Here ug;max is the maximum value of the internal en-
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ergy density in the torus. We chooseS = 22M and
� �eld =(2�r ) = 0 :28, which gives initial poloidal loops that
are roughly isotropic such that they have roughly 1:1 as-
pect ratio in the poloidal plane. The form of the potential
in equation 6 ensures that each additional �eld loop bun-
dle has opposite polarity. Perturbations are introduced
to excite the magneto-rotational instability (MRI). The
second term on the right-hand-side (RHS) of equation
6 is a random perturbation: ranc is a random number
generator for the domain 0 to 1. Random perturbations
were introduced in the initial internal energy density in
the same way, with an amplitude of 10%. In Penna et al.
(2010), it was found that similar simulations with pertur-
bations of 2% and 10% became turbulent at about the
same time, the magnetic �eld energy at that time was
negligibly di�erent, and there was no evidence for signif-
icant di�erences in any quantities during in
ow equilib-
rium.

3.3. Numerical methods

We perform simulations using a fully 3D ver-
sion of HARM that uses a conservative shock-
capturing Godunov scheme (Gammie et al.
2003; Shafee et al. 2008; McKinney 2006b;
Noble et al. 2006; Mignone & McKinney 2007;
Tchekhovskoy, McKinney & Narayan 2007;
McKinney & Blandford 2009). We use horizon-
penetrating Kerr-Schild coordinates for the Kerr metric
(Gammie et al. 2003; McKinney & Gammie 2004),
which avoids any issues with the coordinate singularity
in Boyer-Lindquist coordinates. The code uses uniform
internal coordinates (t; x (1) ; x(2) ; x(3) ) mapped to the
physical coordinates (t; r; �; � ). The radial grid mapping
is

r (x(1) ) = R0 + exp ( x(1) ); (7)

which spans fromRin = 0 :9rH to Rout = 200M , where
rH is the radius of the outer event horizon. This just
ensures the grid never extends inside the inner horizon,
in which case the equations of motion would no longer
be hyperbolic. The parameterR0 = 0 :3M controls the
resolution near the horizon. For the outer radial bound-
ary of the box, absorbing (out
ow, no in
ow allowed)
boundary conditions are used.

The � -grid mapping is

� (x(2) ) =
h
Y (2x(2) � 1) + (1 � Y )(2x(2) � 1)7 + 1

i
(�= 2);

(8)
where x(2) ranges from 0 to 1 (i.e. no cut-out at the
poles) andY = 0 :65 is chosen to concentrate grid zones
toward the equator. Re
ecting boundary conditions are
used at the polar axes. The� -grid mapping is given by
� (x(3) ) = 2 �x (3) , such that x(3) varies from 0 to 1=2 for
a box with � � = �: Periodic boundary conditions are
used in the � -direction. Penna et al. (2010) considered
various � � for thin disks and found little di�erence in
the results. In all of their tests, � � > 7jh=rj and we
remain above this limit as well. In what follows, spatial
integrals are renormalized to refer to the full 2� range
in � , even if our computational box size is limited in
the � -direction. For the purpose of radiative transfer we
combine two identical regions of size �� = � preserving
the orientation to obtain the span of full 2�:

3.4. Resolution and Spatial Convergence

The resolution of the simulations is N r � N � � N � =
256 � 64 � 32. This is the �ducial resolution of
Penna et al. (2010). Shafee et al. (2008) found this res-
olution to be su�cient to obtain convergence compared
to a similar 512 � 128� 32 model. In the vertical di-
rection, we have about 7 grid cells per density scale
height. Turbulence is powered by the MRI, which is
seeded by the vertical component of the magnetic �eld
(Balbus & Hawley 1998). The characteristic length scale
of the MRI is the wavelength of the fastest growing mode:

� MRI = 2 �
vA


 0
; (9)

where vA is the Alfv�en speed. Assuming hydrostatic
equilibrium, we can rewrite this formula near the mid-
plane of the disk in terms of the dimensionless disk thick-
nessh=r and the plasma� :

� m = 2 � (h=r)
1

p
�

r: (10)

Clearly the MRI is most di�cult to resolve when � is
large. We have local values of� � 20� 100 initially and
then � decreases until it is order� � 10 in the disk be-
yond the black hole and order� � 1 near the black hole
due to the instability exponentially amplifying the ini-
tial �eld. We �nd that � m > h=r always, and the MRI is
well-resolved in the midplane of disk both initially and in
the saturated state becauseh=r is resolved by the cho-
sen � grid. Penna et al. (2010) studied convergence in
N r , N � , and N � and found that models with N r = 256
or N r = 512, N � = 64 or N � = 128, and N � = 64 or
N � = 32 behaved similarly for disks with similar resolu-
tion across the disk. Our resolution of the MRI and prior
convergence testing by Penna et al. (2010) for similarly-
resolved disks justify our choice of grid resolution. It
is currently not computationally feasible to perform a
similar spin parameter study at much higher resolutions,
and future studies will continue to explore whether such
simulations are fully converged.

A key feature of our code is the use of a 3rd order
accurate (4th order error) PPM scheme for the interpo-
lation of primitive quantities (i.e. rest-mass density, 4-
velocity relative to a zero angular momentum observer
(ZAMO), and lab-frame 3-magnetic �eld) (McKinney
2006a). Simulations of fully three-dimensional models
of accreting black holes producing jets using our 3D
GRMHD code show that this PPM scheme leads to an
improvement in e�ective resolution by at least factors
of roughly two per dimension as compared to the orig-
inal HARM MC limiter scheme for models with resolu-
tion 256 � 128� 32 (McKinney & Blandford 2009). The
PPM method is particularly well-suited for resolving tur-
bulent 
ows since they rarely have strong discontinuities
and have most of the turbulent power in long wavelength
modes. Even moving discontinuities are much more accu-
rately resolved by PPM than minmod or MC. For exam-
ple, even without a steepener, a simple moving contact
or moving magnetic rotational discontinuity is sharply
resolved within about 4 cells using the PPM scheme as
compared to being di�usively resolved within about 8-15
cells by the MC limiter scheme.



Sgr A* by 3D GRMHD and Polarized Transfer 7

3.5. Ceiling constraints

During the simulation, the rest-mass density and in-
ternal energy densities can become quite low beyond the
corona, but the code only remains accurate and stable
for a �nite value of b2=� , b2=ug, and ug=� for any given
resolution. We enforceb2=� . 10, b2=ug . 100, and
ug=� . 10 by injecting a su�cient amount of mass or
internal energy into a �xed zero angular momentum ob-
server (ZAMO) frame with 4-velocity u� = f� �; 0; 0; 0g,
where � = 1 =

p
� gtt is the lapse.

We have checked the ceilings are rarely activated in
the regions of interest of the 
ow. Figure 2 shows the
constrained ratios, b2=� , b2=ug, and ug=� , as a function
of � at six radii ( r = 4 ; 6; 8; 10; 12, and 14M ) for the
a� = 0 model. The data has been time-averaged over the
steady state period fromt = 14000M to 200000M . The
ceiling constraints are shown as dashed red lines. and we
see that the solution stays well away from the ceilings.
This shows that the ceilings are su�ciently high.

Figure 2. Ratios of b2=� , b2=ug , and ug =� versus � . Black curves
correspond to di�erent radii in the 
ow; from top to bottom, r =
4; 6; 8; 10; 12, and 14M . The data is time-averaged over the steady
state period of the 
ow, from t = 14000M to 20000M . Numerical
ceilings constrain the solution to lie below the dashed red l ines, but
we see that the solution does not approach these limits.

3.6. Temporal Convergence

We run the simulations from t = 0 M to t = 20000M .
The accretion rate, the height- and � � averaged plasma
� , and other disk parameters, 
uctuate turbulently about
their mean values. The simulation reaches a quasi-
steady state, when the mean parameter value are time-
independent. Figure 3 shows the accretion rate and
height- and � � averaged� at the event horizon as a func-
tion of time for all �ve models. We take the period from
t = 14000M to t = 20000M to de�ne steady state.

As shown in Penna et al. (2010), for disk models like
the one considered, the disk outside the innermost sta-
ble circular orbit (ISCO) behaves like the � -disk model
with � � 0:1 across disk thicknesses ofh=r � 0:05� 0:4.
This allows one to accurately infer the timescale for

reaching \in
ow equilibrium," corresponding to a quasi-
steady 
ow across all quantities, at a given radius. For
h=r � 0:3 by t � 15000M -20000M (the simulation runs
till 20000M , but the initial 5000 M are transients not
necessarily associated with achieving in
ow equilibrium
for a simple viscous disk), we use the results in Appendix
B of Penna et al. (2010) and �nd that in
ow equilibrium
is achieved within a radius of r � 25M -30M for models
with a� � 1 and r � 35M for models with a � 0. Even
for a doubling of the viscous timescale, in
ow equilibrium
is achieved byr � 20M -25M depending upon the black
hole spin. This motivates using an analytical extension
of the simulation solution for radii beyond r � 25M as
described later in section 4.2.

Figure 3. Accretion rate and height- and � � averaged � versus
time at the event horizon for all �ve models: a� = 0 (dotted black),
a� = 0 :5 (solid red), a� = 0 :7 (long-dashed green), a� = 0 :9 (short-
dashed brown), and a� = 0 :98 (dot-dashed orange).

3.7. Evolved disk structure

Figure 4 shows matter stream lines as vectors and num-
ber density ne as greyscale map. The large scale vortices
existing on a single time shot (panel (a)) almost disap-
pear, when averaged over 6000M (panel (b)) in between
14000M and 20000M . The density is the highest in the
equatorial plane on average, but deviations are present
on the instantaneous map. The ISCO does not have any
special signi�cance: density and internal energy density
increase through ISCO towards the black hole horizon.

Figure 5 shows magnetic �eld lines as vectors and
comoving electromagnetic energy density/ b2 as a
greyscale map. The structure of magnetic �eld at early
times remembers the initial multi-loop �eld geometry
(Penna et al. 2010), but switches at late times to a helical
magnetic �eld structure resembling a split-monopole in
meridional projection. Such switching of magnetic �eld
structure suggests that �nal helix with projected split
monopole is a universal con�guration as a natural out-
come any vertical 
ux being dragged into the black hole.
The magnetic �eld structure of a single snapshot (panel
(a)) looks quite similar to the structure of the linear av-
erage between 14000M and 20000M (panel (b)). The
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polar region of the 
ow has the strongest magnetic �eld.

Figure 4. Stream lines of velocity (red vectors) and number den-
sity ne (greyscale map) for spin a� = 0 :9 at � = 0 in the meridional
plane: single timeshot at t = 14000M on the upper (a) panel and
time average between t = 14000M and t = 20000M on the lower
(b) panel. The correspondent calibration bars of ne are shown on
the right. Number density is normalized by its maximum value .

Figure 5. Magnetic �eld lines (red vectors) and comoving elec-
tromagnetic energy density / b2 (greyscale map) for spin a� = 0 :9
at � = 0 in the meridional plane ( r c as cylindrical radius): single
timeshot at t = 14000M on the upper (a) panel and time average
between t = 14000M and t = 20000M on the lower (b) panel. The
correspondent calibration bars of comoving b2 are shown on the
right. Magnetic �eld energy density is normalized by its max imum
value.

4. AVERAGED DYNAMICAL MODEL

We now discuss the link between the numerical simu-
lations and the averaged dynamical model. We need to
decide on the averaging, especially of the magnetic �eld,
extend the simulations to large radii, and de�ne the elec-
tron temperature.

4.1. Averaging

We need the time-averaged dynamical model for the
purpose of analyzing the whole model parameter space
of spin a� , inclination angle � , accretion rate _M , and ra-
tio of proton to electron temperatures Tp=Te computed
at 6M . As we will show later, it is not computation-
ally viable to surf this parameter space, so instead av-
erage 
uxes are computed over the series of simulation
snapshots. The average model incorporates temporal av-
erages at each point in the space of number densityn,
velocity u� , and internal energy density ug. There is
no unique approach to averaging the magnetic �eldb,
the results may depend on the approach employed. We
choose one reasonable prescription and test the resultant
steady-state dynamical model.

For averagingb is computed at each point and at each
time in the instantaneous comoving locally 
at reference
frame. The magnetic �eld randomly changes orienta-
tion in the midplane with time due to turbulence. So,
the linear time average would underestimate the mag-
netic �eld and would not be independent of averaging
period. It is more viable to modify the linear averaged
b at each point by the value of f =

p
< b2 > t = < b > 2

t
computed at that point. Then the dynamical model has
an increased �eld bRMS = f < b > t with a strength
typical for a single snapshot, but likely more uniform in
direction than b in a single snapshot. We call the lat-
ter the RMS-�eld model. We run radiative transfer on
the top of each set of dynamical models the RMS-�eld
averaging. To estimate the e�ect of using the RMS-�eld
model, we compute radiative transfer also for the mod-
els with linear-averagedb-�eld. Averaging is done over
200 snapshots during the steady state period between
t = 14000M and t = 20000M . A detailed comparison
of how di�erent averaging methods a�ect the polarized
radiative transfer will be presented in a follow-up paper.

4.2. Extension to large radii

The 
ow is evolved in a quasi-steady state for 6000M
from 14000M until 20000M , which corresponds to 8 or-
bits at r = 25M . The 
ow is not su�ciently settled at
larger radii, however, some Faraday rotation might hap-
pen and some emission might occur outside 25M: Thus,
we extend the dynamical model to larger radiir > 25M
in a reasonable way and check in Appendix A how much
the various extensions change the results of radiative
transfer. The boundary of radiative transfer is situated
at r = 20000M: The pro�les of number density ne, in-
ternal energy density ug, magnetic �eld b and velocity
v are extended as power-laws until radiusr = 20000M:
The relevant power-law � is obtained for number den-
sity by matching the known value ne = 130cm� 3 at
about 1:500 � 3 � 105M (Bagano� et al. 2003) and the
averagene;cut value at r = 25M in the equatorial plane
for each model. The value of� may be di�erent for
di�erent models. The radial 
ow velocity vr is then
obtained from the continuity relation in the equatorial
plane nevr r 2 = const: The power-law of internal energy
density ug is obtained in a similar way by matching the
values Te = Tp = 1 :5 � 107 K and ne = 130cm� 3 at
3 � 105M (Bagano� et al. 2003; Shcherbakov & Bagano�
2010). The extensions of other 
ow velocities and mag-
netic �eld are �xed in turn. The meridional physical
velocity is extended as v�̂ / (r=M )� 3=2, toroidal as
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v�̂ / (r=M )� 1=2, where the relationship v̂i � ui p gii is
used to connect the 4-velocity components with physical
velocity components. All components of comoving mag-
netic �eld are extended as br ; b� ; b� / (r=M ) � 3=2: This
power-law slope is similar to the one observed in the sim-
ulations between 15M and 25M . However, this choice
will likely underestimate the magnetic �eld at large radii,
since the slope is shallower for equipartition assumption
b /

p
nTp / (r=M )� 1 for n / (r=M )� 1. Exploration of

various extensions of the magnetic �eld will be the topic
of future studies.

After de�ning the extension power-laws for quantities
in the equatorial plane, we extend the quantities radially
at arbitrary � and � in a continuous way. For example,
for density at arbitrary � and � and r > 25M we have

ne(r; �; � ) = ne(25M; �; � )
� r

25M

� � �
; (11)

where ne(25M; �; � ) is taken from the simulation. We
similarly extend other quantities. As we will show in
Appendix A, reasonable variations in power-law indices
bear minimum in
uence on radiation intensities, linear
and circular polarization 
uxes.

4.3. Electron temperature

Neither the proton Tp nor electronTe temperatures are
given directly by the simulation. However, it is crucial
to know the electron temperature Te to determine the
emission. Our solution is to split the total internal en-
ergy density ug, given by the simulation and power-law
extension, between the proton energy and the electron
energy. The energy balance states

ug

�
�

up;g + ue;g

�
= cpkB Tp + cekB Te; (12)

where cp = 3 =2 and ce � 3=2 are the respective heat
capacities, � is the rest-mass density, andkB is Boltz-
mann's constant. The di�erence of temperaturesTp � Te
is in
uenced by three e�ects: equilibration by Coulomb
collisions at large radii, the di�erence in heating rates f p
and f e of protons and electrons operating at intermedi-
ate radii, and the di�erence in heat capacities operating
close to the BH. The e�ect of radiative cooling is ex-
cluded from the list, since, according to Sharma et al.
(2007), the radiative e�ciency of the 
ow is negligible
for realistic _M . 10� 7M � year� 1. The aforementioned
important e�ects can be incorporated into an equation
as

vr
d(Tp � Te)

dr
= � � c(Tp � Te) + (13)

+
�

1
cp

f p

f p + f e
�

1
c0

e

f e

f p + f e

�
vr

d(ug=� )
kB dr

;

where

� c = 8 :9 � 10� 11
�

Te

3 � 1010

� � 3=2 ne

107 (14)

is the non-relativistic temperature equilibration rate by
collisions (Shkarofsky et al. 1966), all quantities being
measured in CGS units. We consider protons to always
have non-relativistic heat capacity and collisions to al-
ways obey the non-relativistic formula. The magnitudes

of errors introduced by these simpli�cation are negligible.
The exact expressions for total electron heat capacity and
di�erential heat capacity are approximated as

ce =
ue;g=�
kB Te

�
3
2

0:7 + 2� e

0:7 + � e
; (15)

c0
e =

d(ue;g=� )
kB dTe

� 3 �
0:735

(0:7 + � e)2 (16)

correspondingly with the error < 1:3%, where

� e =
kB Te

mec2 (17)

is the dimensionless electron temperature. It was re-
cently shown (Sharma et al. 2007) that the ratio of heat-
ing rates in the non-relativistic regime in a disk can be
approximated as

f e

f p
= C

s
Te

Tp
(18)

with a constant C. This formula is adopted in the rel-
ativistic regime as well, since no better prescription is
available. Sharma et al. (2007) found the valueC = 0 :33
in simulations, whereas we �nd C = 0 :40 � 0:45 for
the best-�tting models (see x 7). The proton and elec-
tron temperatures are determined at each point in the
following way. We �rst take an averaged model (see
Subsection 4.2) of a simulation with spin a� extended
to r = 20000M . Then we compute azimuthal aver-
ages of radial velocityvr , number density ne, and ug=�
at the equatorial plane, extend them as power laws to
rout = 3 � 105M , and solve the equations (12,13) from
rout down to the inner grid cell point. Temperatures are
set to Te = Tp = 1 :5 � 107 K at rout (Bagano� et al.
2003; Shcherbakov & Bagano� 2010). On the next step
we make a correspondence of the values ofug=� to the
calculated Te and Tp and de�ne functional dependence
Te = Te(ug=� ) and Tp = Tp(ug=� ): At each point of
the simulation (including o� the equator), we draw tem-
peratures from this correspondence. Typical pro�les of
proton and electron temperatures are shown on Figure 6.
Temperatures stay equal until � 104M due to collisions
despite di�erent heating prescriptions. Within 3 � 103M
the timescale of collisional equilibration becomes rela-
tively long and electrons become relativistic, thus Te
drops down below Tp. We take the inner part within
r < 20000M of the electron and proton temperature pro-
�les to conduct the radiative transfer.

For a given accretion rate there exists a unique depen-
dence of the ratio of temperaturesTp=Te at 6M on the
heating constant C. Thus, we interchangeably refer to
the ratio of temperatures Tp=Te at 6M or the correspon-
dent heating constant C: We commonly use the ratio of
temperatures as a more straightforward quantity.

5. GENERAL RELATIVISTIC POLARIZED RADIATIVE
TRANSFER

General relativistic polarized radiative transfer is
an essential tool for converting the dynamical model
of an accretion 
ow into a set of observable quan-
tities (Broderick et al. 2009; Gammie & Leung 2010;
Shcherbakov & Huang 2011). We closely follow
Shcherbakov & Huang (2011) for the transfer technique.
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Figure 6. Temperatures of protons Tp (upper red line) and elec-
trons Te (lower blue line) as functions of radius for heating param-
eter C = 0 :414 and accretion rate _M = 1 :04 � 10� 8M � year� 1 ,
which leads to Tp =Te = 17 :6 and Te = 4 :2 � 1010 K at r = 6 M .
The dynamic RMS-�eld model with this heating prescription, this
accretion rate, and spin a� = 0 :9 provides the �t with the lowest
� 2 to polarization observations (see x 7).

Similarly to Huang et al. (2009a), we de�ne the polar-
ized basis in the picture plane, where one vector points
North, another vector points East, and the wavevector
points towards the observer. We parallel transport this
basis in the direction of the black hole and do the radia-
tive transfer along the ray in the opposite direction. At
each point along the ray we go to the locally-
at comov-
ing frame, calculate the angles between the magnetic �eld
and basis vectors, and compute the Faraday conversion,
Faraday rotation, emissivities, and absorptivities. This
approach appears no harder computationally compared
to the covariant calculation of angles without the locally

at comoving frame (Broderick et al. 2009; Huang et al.
2009a).

Only our calculations of plasma response is di�erent
from Shcherbakov & Huang (2011). That paper o�ered a
way to �nd exact emissivities, absorptivities, Faraday ro-
tation, and conversion coe�cients for thermal and other
isotropic particle distributions. Here, for simplicity, we
employ �tting formulas for Faraday rotation and Faraday
conversion and synchrotron approximation for emissivi-
ties in thermal plasma. We de�ne

X =
2
3

�
� B 
 2 sin� B

; (19)

where � B is k-b angle, 
 is electron gamma factor, and
� B = eb=(2�m ec) is the cyclotron frequency. Then fol-
lowing Legg & Westfold (1968); Melrose (1971), we write
down emissivities in I, Q, and V modes as

" I =

p
3

2
e2

c
� B sin � B

Z + 1

1
d
N (
 )X

Z + 1

X
dzK 5=3(z);

"Q =

p
3

2
e2

c
� B sin � B

Z + 1

1
d
N (
 )XK 2=3(X ); (20)

"V =
2

p
3

e2

c
� B cos� B

Z + 1

1
d


N (
 )



�

�
�
XK 1=3(X ) +

Z + 1

X
dzK 1=3(z)

�
:

Here K z (x) is the Bessel function of the 2nd kind of or-

der z. We employed IEEE/IAU de�nitions of Stokes
Q, U, and V (Hamaker & Bregman 1996), also chosen
in Shcherbakov & Huang (2011): counter-clockwise rota-
tion of electric �eld as seen by the observer corresponds
to positive V > 0. Under this de�nition the sign of
V emissivity (20) is opposite that in standard theoret-
ical textbooks (Rybicki & Lightman 1967). A variation
of emissivity formulas (19,20) exists: Sazonov (1969);
Pacholczyk (1970) e�ectively de�ne X = 2 �= (3� B (
 �
1)2 sin � B ), integrating over particle energy instead of 
 .
This approximation appears to give signi�cantly larger
errors at low particle energies.

Next, one needs to specify, which particle distribu-
tion N (
 ) to use. Various N (
 ) correspond to sev-
eral synchrotron approximations for thermal plasmas.
The ultrarelativistic approximation (Pacholczyk 1970;
Huang et al. 2009a) with N (
 ) = exp( � (
 � 1)=� e)( 
 �
1)2=2=� 3

e gives the simplest distribution. However, the
exact thermal distribution of particles

N (
 ) = 

p


 2 � 1
exp(� 
=� e)

� eK 2(� � 1
e )

(21)

allows for more precise computation of radiation. Syn-
chrotron emissivities based on the equations (19,20)
with the exact thermal distribution (21) agree with
the exact cyclo-synchrotron emissivities" I , "Q , and "V
(Leung, Gammie & Noble 2009; Shcherbakov & Huang
2011) to within 2% for typical dynamical models and fre-
quencies> 100 GHz. Emissivities integrated over the ul-
trarelativistic thermal distribution normally have � 10%
error.

Thermal absorptivities are found from emissivities (20)
via Kirchho�'s law

� I;Q;V = " I;Q;V =B� ; (22)

where B � = 2 kB Te� 2=c2 is the source function for low
photon energies h� � kB Te. Faraday rotation � V
and Faraday conversion� Q coe�cients are taken from
Shcherbakov (2008):

� V = g(Z )
2nee2� B

mec� 2

K 0(� � 1
e )

K 2(� � 1
e )

cos�; (23)

� Q = f (Z )
nee2� 2

B

mec� 3

�
K 1(� � 1

e )

K 2(� � 1
e )

+ 6 � e

�
sin2 �:

Here

Z = � e

r
p

2 sin�
�

103 � B

�

�
(24)

and

g(Z ) = 1 � 0:11 ln(1 + 0:035Z );

f (Z ) = 2 :011 exp
�

�
Z 1:035

4:7

�
� (25)

� cos
�

Z
2

�
exp

�
�

Z 1:2

2:73

�
� 0:011 exp

�
�

Z
47:2

�

are the �tting formulas for deviations of � V and � Q from
analytic results for �nite ratios � B =� . The deviation of
f (Z ) from 1 is signi�cant for the set of observed frequen-
cies� , temperatures � e, and magnetic �elds found in the
typical models of Sgr A*. These formulas constitute a
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good �t to the exact result for the typical parameters of
the dynamical model (Shcherbakov 2008).

With all the sophisticated physics incorporated into
the radiative transfer, the speed of the numerical code be-
comes an essential constraint. Polarized radiative trans-
fer can take much longer to perform compared to non-
polarized radiative transfer when using an explicit inte-
gration scheme to evolve the Stokes occupation numbers
NQ , NU , and NV . Large Faraday rotation measure and
Faraday conversion measure lead to oscillations between
occupation numbers. One of the solutions is to use an
implicit integration scheme, while another solution is to
perform a substitution of variables. In the simple case of
Faraday rotation leading to interchange of NQ and NU ,
the obvious choice of variables is the amplitude of os-
cillations and the phase. Thus the cylindrical polarized
coordinates arise

NQ = NQU cos�; (26)
NU = NQU sin �:

Then the amplitude NQU slowly changes along the ray
and the angle� changes linearly, which gives an improve-
ment in speed. In the presence of substantial Faraday
conversion, the polarization vector precesses along some
axis in Poincar�e sphere, adding an interchange of circu-
larly and linearly polarized light. Polar polarized coor-
dinates would be more suitable in this case:

NQ = Npol cos� sin  ;
NU = Npol sin � sin  ; (27)
NV = Npol cos ;

whereNpol is the total polarized intensity, the change of
� angle is mainly due to Faraday rotation and  angle
changes owing to Faraday conversion. The application of
this technique speeds up the code exponentially at low
frequencies� < 100 GHz.

Besides improving the speed, we perform a number of
convergence tests to make sure the �nal intensities are
precisely computed. Radiative transfer involves shoot-
ing a uniform grid of N � N geodesics from the picture
plane. Even thoughN = 150 (Dexter et al. 2009) maybe
a better number to use for a single snapshot,N = 111
works well for the averaged smooth 
ow giving an accu-
racy of �( � 2=dof) � 0:02 near best-�tting models. The
metrics of relative integration error � 2

H =dof is de�ned in
Appendix A, where the convergence tests are described.
The size of the integration domain is taken to be a square
in the picture plane with a side

a[M ] = 16 + 2
�

600
� [GHz]

� 1:5

(28)

in the units of rg � M , where frequency� is in GHz. The
size based on formula (28) is larger than the photon orbit
visible diameter dph � 10:4M at the same time following
the intrinsic size dependence on frequency (Shen et al.
2005; Doeleman et al. 2008) at low frequencies. Justi�-
cation of this size by convergence tests is given in Ap-
pendix A. A surprisingly important radiative transfer
parameter is the distance from the BH, where intensity
integration starts. The dependence of synchrotron emis-
sivity on temperature and magnetic �eld strength is so
strong that it negates the e�ect of gravitational redshift

close to the BH. The accuracy of �( � 2=dof) � 0:02 is
achieved in sub-mm for computation out from rmin =
1:01rH , where rH = M (1 +

p
1 � a2

� ) is the horizon ra-
dius. Higher rmin leads to larger error �( � 2=dof) � 0:03
(see Appendix A).

6. STATISTICAL ANALYSIS

Statistical analysis is a necessary tool to compare the
model predictions to observations and to discriminate be-
tween models. However, it has only recently been applied
to the accretion 
ow in the Galactic Center (Dexter et al.
2009; Broderick et al. 2009; Shcherbakov & Bagano�
2010). When the number of model parameters is large
(Huang et al. 2009a) or the number of considered obser-
vations is small (Moscibrodzka et al. 2009), it is possible
to �nd an exact �t to the data or say that for some model
parameters the �t does not exist. Instead, we consider
a broad range of observations and explore models with
only 4 parameters: spina� , inclination angle � , accretion
rate _M , ratio of proton to electron temperature Tp=Te at
6M .

We have proven in Section 2 that samples of total

uxes, log LP and EVPA at each frequency are consis-
tent with a Gaussian distribution. Thus, we can directly
apply � 2 statistics. We are comparing means of observed
variable 
uxes to 
uxes computed for the averaged simu-
lation models. We leave the comparison of the observed
samples to the samples generated over many snapshots
to future work. We de�ne � 2

F for 
ux �tting as

� 2
F =

7X

i =1

(Fi; sim � Fi; obs)2

� (F )2 ; (29)

for the set of 7 frequencies� = 88; 102; 145; 230; 349; 680,
and 857 GHz, where� F are the errors of the means. We
add LP fraction at 88; 230, and 349 GHz and CP fraction
at 230 and 349 GHz into the full � 2 :

� 2 = � 2
F +

3X

i =1

(log(LP i; sim ) � log(LP i; obs))2

� (log(LP)) 2

+
2X

i =1

(CP i; sim � CPi; obs)2

� (CP) 2 : (30)

Then we take the number of degrees of freedom to be
dofF = 7 � 3 = 4 for 
ux �tting and dof = 12 � 3 = 9 for
�tting all polarized data. We compute the probability
density � (� 2) = � (� 2ja� ; �; _M; C ) of the data, given a
model, from the correspondent� 2 distributions.This is
a function of spin, inclination angle, accretion rate, and
heating constant. Now the search for minimum � 2 is
fully de�ned. The probability density of model given
data � (a� ; �; _M; C j� 2) is needed for con�dence intervals
calculation. It is found by Bayes' theorem with the use
of priors (Broderick et al. 2009)

� (a� ; �; _M; C j� 2) =
� (� 2)� (� )� (a� )� ( _M )� (C)

R
� (� 2)� (� )� (a� )� ( _M )� (C)d�da � d _MdC

;

(31)
where we assumed a separable prior� (�; a � ; _M; C ) =
� (� )� (a� )� ( _M )� (C): We expect no preferred spin ori-
entation, which requires a uniform distribution over
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Figure 7. Best �ts to the observed 
uxes, LP and CP fractions by best RMS -�eld models for each spin. The inclination angle � , accretion
rate _M , ratio of temperatures Tp =Te were adjusted for each spin to minimize � 2 : Fits to total 
ux F are in the upper left panel, LP
fraction in the lower left, and CP fraction in the lower right . Best RMS-�eld model with spin a� = 0 :9 (solid dark red) has � 2=dof = 4 :05,
spin a� = 0 :7 (long-dashed green) | � 2=dof = 5 :37, spin a� = 0 :5 (short-dashed brown) | � 2=dof = 5 :77, spin a� = 0 (solid light cyan)
| � 2=dof = 9 :03, spin a� = 0 :98 (dot-dashed orange) | � 2=dof = 4 :85: The upper left panel shows the dependence of EVPA angle on
frequency for the best models. Note, that EVPA angles are not included into our � 2 �tting procedure. The thick blue curve represents
observations. Simulated EVPA curves are arbitrarily shift ed to approximate EVPA at 349 GHz. The addition of an external (to the
emitting region) Faraday rotation screen helps to �t EVPA(3 49 GHz) � EVPA(230 GHz).

the solid angle and the prior � (� ) = sin � . Follow-
ing Broderick et al. (2009) we take a uniform prior on
spin � (a� ) = 1 : The accretion rate _M is largely un-
certain. For our analysis we take the logarithmic prior
� ( _M ) = _M � 1, which is the best non-informative prior
for large range of possible values (Jaynes & Bretthorst
2003). The value of the heating constantC = 0 :33 cited
by Sharma et al. (2007) was based on only a small part of
total energy dissipation and may be unreliable. A similar
prior � (C) = C � 1 can be taken for the heating constant.
The expectation value of any quantity Q at certain spin
a� is calculated as the integral

hQa � i =
ZZZ

Q� (a� ; �; _M; C j� 2) sin �d�
dC
C

d _M
_M

; (32)

and the con�dence intervals are found analogously.
We explore the values ofC from 0:20 to 0:75, which

leads to Tp=Te at 6M between 6 and 60. All models
�tting F� SED with C = 0 :20 underpredict the linear
polarization and all models with C = 0 :75 overpredict
the linear polarization, thus we cover all good models by
using a wide range ofC. A full analysis in the space
of accretion rate _M is not possible due to limited com-
putational resources. Instead, for each spina� , heating
constant C, and inclination � we �nd the best � 2

F for the
values of 
ux F� (see eq.29) and explore the region close
to the best �t. As the dependence of 
ux on accretion
rate is uniform, this guarantees that we explore all re-
gions with good full � 2 de�ned by equation (30). Even

if there is some good �t to LP and CP curves, but the

ux values are either overpredicted or underpredicted,
then the total � 2=dof would be substantially larger than
unity.

7. RESULTS

In previous sections we described observations, nu-
merical simulations of the dynamical structure, averaged
model, polarized radiative transfer, and statistical meth-
ods to compare the simulated spectra with the observa-
tions. Now we are ready to present the results of such a
comparison, done for the �rst time for GR polarized ra-
diative transfer over the model derived from 3D GRMHD
simulations. We are able to achieve� 2=dof � 4 �ts to
observations and constrain some model parameters.

Figure 7 shows best �ts to observations by RMS-�eld
(RMS magnetic �eld strength, mean direction) models
with �ve di�erent spins. Inclination angle � , accretion
rate _M , heating constant C were adjusted to reach the
lowest � 2. The best RMS-�eld model with spin a� = 0 :9
(solid dark red) has � 2=dof = 4:05, spin a� = 0 :7 (long-
dashed green) | � 2=dof = 5:37, spin a� = 0 :5 (short-
dashed brown) | � 2=dof = 5:77, spin a� = 0 (solid
light cyan) | � 2=dof = 9:03, spina� = 0 :98 (dot-dashed
orange) | � 2=dof = 4:85: Let us discuss how well the
models with di�erent spins perform. Fits to 
uxes F� on
upper left are not substantially di�erent, though models
with higher spins perform better at both low and high
frequencies. Larger deviations can be seen on LP (lower
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left) and CP (lower right) plots. Models with high spins
require lower accretion rate/density to �t the 
ux spec-
trum. Then they are not subject to Faraday depolariza-
tion, which leads to decrease of LP at low� , and the mod-
els end up having larger linear polarization fractions at
88 GHz. Not all models reproduce the observed decrease
of mean LP fraction between 231 GHz and 349 GHz
groups. The discrepancies in �tting CP fraction are also
large: no low� � 2 model can reproduce CP =� 1:5% at
349 GHz: best RMS-�eld models havejCPj < 1% at this
frequency. However, only low spin solutions reproduce
the correct sign and the order of magnitude of di�erence
between EVPA(349 GHz) and EVPA(230 GHz), whereas
the models with higher spin have shallower di�erence of
the opposite sign EVPA(349 GHz)� EVPA(230 GHz) <
0:

The best RMS-�eld model with spin a� = 0 :9 has incli-
nation angle � = 52 � , position angle PA = 121� � 20� , ac-
cretion rate _M = 1 :04� 10� 8M � year� 1, ratio of temper-
atures Tp=Te = 17:6 at 6M , which givesTe = 4 :2� 1010 K
at that distance from the center in equatorial plane.
In turn, spin a� = 0 :9 model with linear-averaged b
reaches minimum � 2=dof = 5:56 at � = 55 � , _M =
1:5 � 10� 8M � year� 1, Te = 3 :0 � 1010 K at 6M . Thus,
the best linear-averaged model with same spina� = 0 :9
has 1:5 times larger accretion rate compared to RMS-�eld
model, but also has 1:4 times lower electron temperature.
The best RMS-�eld model is more edge-on.

Let us now separate the physical e�ects responsible
for the observed polarized quantities. Several com-
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- 2.5
- 2.0
- 1.5
- 1.0
- 0.5

0.0
0.5
1.0

CP @%D

Figure 8. Contributions of di�erent e�ects to CP fraction de-
pendence on frequency for best-�tting a� = 0 :9 model. Shown are
observations (blue error bars), the best �t model (solid red line),
the same dynamical model computed with zero V emissivity " V = 0
in radiative transfer so that CP is produced by Faraday conve rsion
(long-dashed green), the same model with zero Faraday conve rsion
� Q = 0 (short-dashed brown), and the same model without Fara-
day rotation � V = 0 (dot-dashed orange). Emissivity in circular V
mode contributes little to the observed CP. Surprisingly, C P does
not change sign as a function of frequency. The combined acti on
of Faraday rotation and Faraday conversion takes places aro und
� = 145 GHz, the sign of V changes without Faraday rotation at
that frequency.

parably strong radiative transfer e�ects may account for
observed polarized 
uxes. Let us consider the production
of circular polarization in the 
ow. Figure 8 shows the
consequences of switching various physical e�ects o� for
the best-�tting RMS-�eld model with spin a� = 0 :9. The
solid curve is the result with all physics on. The long-
dashed line below is produced, when circular emissivity is

set to "V = 0. The short-dashed line corresponds to zero
Faraday conversion (� Q = 0). The changes for the emis-
sivity switched o� are small, whereas setting Faraday
conversion to zero leads to several times smaller CP of
di�erent sign, thus most of CP in this model is produced
by Faraday conversion. It would be incorrect, however,
to think that the simple linear to circular conversion ex-
plains the observed CP. The dot-dashed line in Figure 8
shows the CP fraction, when Faraday rotation is switched
o� ( � V = 0). The e�ect of Faraday rotation is insignif-
icant at � < 150 GHz, but the rotation of the plane of
linear polarization simultaneous with conversion between
linear and circular polarizations produces a unique e�ect
at higher �: This is the so-called \rotation-induced con-
version" (Homan et al. 2009). The expected sign oscil-
lations of V with frequency do not happen, whether or
not Faraday rotation is involved. The best spin a� = 0 :9
model exhibits qualitatively similar variations in CP.

On Figure 9 we illustrate the in
uence of Faraday ro-
tation on LP fraction (left panel) and EVPA angle (right
panel). The solid curves have all physics on for the best
RMS-�eld model with spin a� = 0 :9. The dashed lines
are computed for switched o� Faraday rotation ( � V = 0).
The Faraday rotation is negligible at high frequencies
and curves coincide at� > 400 GHz. As the rotation
of polarization plane is much stronger at low � , a sig-
ni�cant phase shift accumulates between di�erent rays
at the low end of the spectrum and cancellations of LP
become strong at� < 150 GHz. Thus we illustrate the
e�ect of Faraday depolarization (Bower et al. 1999a). In
the absence of Faraday rotation the dependence of EVPA
on frequency is not a constant line: the variations of in-
trinsic emitted EVPA are signi�cant. Thus, the change
of EVPA with � should not always be ascribed to the
e�ect of Faraday rotation. The positive observed slope
of EVPA with � , acquired due to negative Faraday rota-
tion � V , is comparable to the slope of intrinsic emitted
EVPA. The dot-dashed lines correspond to the model,
where Faraday rotation is arti�cially increased 10 times.
The model is able to �t EVPA curve, but su�ers sub-
stantial beam depolarization and underpredicts LP at
low frequencies.

Besides computing the best �t models, we examine re-
gions of parameter space near those best �ts in search for
anomalies. For example, if there is a coincidental cancel-
lation in one of the models, then the close-by models have
much higher � 2=dof and such a best �t may be unreliable
as it is accidental. On the Figure 10 we plot contours
of � 2=dof near best-�tting RMS-�eld model with spin
a� = 0 :9 (left column) and linear-averaged spina� = 0 :9
model (right column) in the space of ratio of tempera-
tures Tp=Te at 6M and accretion rate _M . The contours
of � 2=dof are color-coded from highest (red) to lowest
(blue) values. The upper row shows� 2

F =dofF for 
ux
F� �tting, whereas the lower row shows the full � 2=dof.
Plots of � 2

F =dofF (panels (a) and (c)) reveal signi�cant
degeneracy between the electron temperature and accre-
tion rate: lower Te and higher _M or higher Te and lower
_M both �t the 
ux quite well. The degeneracy breaks for

the full � 2=dof, when �tting LP and CP, which �xes the
matter density. The well-�tting phase volume in the pa-
rameters ofTp=Te and _M appears to be similar for both
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Figure 9. Contributions of di�erent e�ects to LP fraction (on the left ) and EVPA angle (on the right) dependencies on frequency for the
best-�tting RMS-�eld a� = 0 :9 model. Shown are observations (blue error bars and thick bl ue line), the best �t model (solid red line),
the same dynamical model computed without Faraday rotation � V = 0 in radiative transfer (long-dashed green), and the same d ynamical
model with 10 times stronger Faraday rotation � 0

V = 10 � V : Beam depolarization is weak without Faraday rotation and LP stays high at
low frequencies. The change of the EVPA due to Faraday rotati on is comparable to the di�erence of intrinsic emission on EV PA, but has
the opposite sign. The best-�tting model with spin a� = 0 :9 has about 10 times lower than observed Faraday rotation.

Figure 10. Behavior of � 2 near the best-�tting models with spin a� = 0 :9: RMS-�eld model with RMS-strength magnetic �eld b (left
column) and model with linear averaged b (right column) with changing accretion rate _M and ratio of temperatures Tp =Te at 6M . Contours
of � 2

F =dof F for 
ux �tting are in the upper row, contours for full � 2=dof are in the lower row.

models (panels (b) and (d)). No clear anomalies can be
seen, thus none of the �ts seems to be accidental. In
Figure 11 we plot the contours of � 2=dof and � 2

F =dofF
for the same models in the space of the ratio of temper-
atures Tp=Te at 6M and spin inclination angle � . First,
note that good �ts for � 2

F =dofF (panels (a) and (c)) have
almost constant electron temperatureTe correspondent
to a range of inclination angles� . A much smaller range
in � is allowed according to full � 2=dof (panels (b) and
(d)) with similar behavior for RMS-�eld spin and linear-
averaged spin solutions witha� = 0 :9.

We illustrated in Figure 7 how the best-�tting mod-
els with di�erent spins perform. Now we visualize in
Figure 12 the di�erences between� 2=dof and � 2

F =dofF
for the best-�tting models. Solid curves on both panels

represent RMS-�eld models, whereas dashed curves rep-
resent models with linear-averaged magnetic �eld. Blue
curves on both panels show the total reduced� 2=dof,
whereas red curves on the left panel correspond to
� 2

F =dofF for 
ux spectrum �tting. Panel (a) shows the
best � 2

F =dofF and � 2=dof as functions of spina� . We see
that the best � 2

F =dofF for 
ux �tting is below unity for
high spinsa� = 0 :7; 0:9; 0:98, whereas good �ts cannot be
achieved for low spinsa� = 0 ; 0:5: High spins are favored.
The same is true when we �t polarized observations.

The RMS-�eld model with spin a� = 0 :9 exhibits the
lowest reduced � 2: However, the value is not close to
unity, which indicates signi�cant room is available to im-
prove the model. The linear-averaged model with spin
a� = 0 :5 seems to have the lowest reduced� 2 over linear-
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Figure 11. Behavior of � 2 near the best-�tting models with spin a� = 0 :9 : RMS-�eld model with RMS magnetic �eld b (left column)
and a model with linear averaged b (right column) with changing ratio of temperatures Tp =Te at 6M and inclination angle of BH spin � .
Contours of � 2

F =dof F for 
ux �tting are in the upper row, contours for full � 2=dof are in the lower row.
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Figure 12. The lowest reduced � 2 for �ts with each spin a� . Blue upper curves correspond to total � 2=dof for �tting total 
ux at
7 frequencies, LP fraction at 3 frequencies and CP at 2 freque ncies. Red lower curves correspond to � 2

F =dof F for �tting of total 
ux
at 7 frequencies. Solid curves correspond to RMS-�eld b models, whereas dashed lines show linear-averaged b models. Reduced � 2 for
spins a� = 0 ; 0:5; 0:7; 0:9; 0:98 are shown on �gure (a) for the models averaged over the peri od 14000 � 20000M . Spin a� = 0 :9 gives the
lowest reduced � 2 : Reduced � 2 for spin a� = 0 :9 are shown on panel (b) for RMS-�eld models averaged over sma ller intervals within the
14000 � 20000M time-range. No signi�cant secular drift is present for conv erged simulations, though the variations of � 2=dof are quite
large reaching � 1:

averaged models. However, as discussed previously, we
consider models with the RMS-�eld version of b to be
more physical compared to models with linear-averaged
b, thus we stick to RMS-�eld models in our analysis.
We illustrate the stability of the best �t on panel (b)
of Figure 12. There we show the best� 2=dof for RMS-
�eld models with spin a� = 0 :9 for several averaging
periods. The periods have the duration 860M within
the range 14000� 20000M : 13900� 14760M interval,
14760� 15620M interval etc. The values of � 2=dof are
depicted on panel (b) at the interval middles: 14330M ,
15190M etc. The values of� 2=dof 
uctuate between in-
tervals by up to � � 2=dof � 1, which is comparable to

the di�erence � � 2=dof = 1:5 between spina� = 0 :5 and
spin a� = 0 :9 models. Thus, we can only conclude that
the RMS-�eld model with spin a� = 0 :9 is marginally
better than the models with spins a� = 0 :5; 0:7; 0:98:
Changes of best� 2=dof with time show no secular trend,
thus indirectly proving convergence of the simulations
(see Section 3.6 for the discussion of convergence).

There is another way to test the dynamical models
against observations. The intrinsic image size was re-
cently measured (Doeleman et al. 2008) with the VLBI
technique. Total 
ux F = 2 :4 Jy at 230 GHz and corre-
lated 
ux Fcorr � 0:35 Jy at 3:5 G� SMT-JCMT base-
line were simultaneously measured. We plot this corre-
lated 
ux with 3 � error bar in Figure 13 and compare
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Figure 13. Correlated 
uxes as functions of baseline normalized
to the 2 :4 Jy total 
ux for best-�tting spin a� = 0 :9 model with
linear averaged b (dashed lines) and the spin a� = 0 :9 RMS-�eld
model with RMS b (solid lines). For each model the upper line
shows the smallest size (largest correlated 
ux) over all po sition
angles of BH spin axis, the lower dashed line shows the larges t size
(smallest correlated 
ux) over all position angles. An obse rvation
from Doeleman et al. (2008) with 3 � error bars at baseline 3 :5 G� is
drawn for comparison. Models �t quite well the observed emis sion
region size.

it to simulated correlated 
uxes, normalizing the total

ux to 2 :4 Jy. To simulate the correlated 
ux we fol-
low Fish et al. (2009) and employ a Gaussian interstel-
lar scattering ellipse with half-widths at half-maximum
7:0 � 3:8G� with position angle 170� east of north. We
vary the position angle of BH spin and plot correlated

ux curves with the largest (solid line) and the small-
est (dashed line) correlated 
ux at 3:5G� . The corre-
lated 
uxes for spin a� = 0 :9 best-�tting models are
shown: blue (dark) lines correspond to maximum corre-
lated 
uxes and red (light) lines correspond to minimum
correlated 
uxes. Solid lines correspond to the RMS-�eld
model and dashed lines to the model with linear-averaged
b: Both types of models are consistent with observations,
but slightly overproduce the correlated 
ux, which indi-
cates the size of the shadow is slightly underpredicted.
We discuss the possible ways to reconcile observations
and simulations in the next section.
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Figure 14. Marginalized over heating parameter C and accretion
rate _M , the probability densities � (�; a � = 0 :9j� 2) over inclination
angle � for spin a� = 0 :9: Shown are peaks for the RMS-�eld model
(solid line) and linear-averaged model (dashed line). The p eaks do
overlap, which allows for a robust estimate of the inclinati on angle.
The values � = 50 � � 59� are allowed.

Having analyzed the best �ts and compared the re-
duced � 2, we can make a conservative estimate of the
model parameters. Let us start with the inclination an-

gle of BH spin � (� = 90 � for the edge-on disk). On
Figure 14 we plot probability density � (�; a � = 0 :9j� 2)
for inclination angle for two models with spin a� = 0 :9:
This quantity represents probability density of the model
given the data (31) integrated over heating constant and
accretion rate

� (�; a � = 0 :9j� 2) /
ZZ

� (a� = 0 :9; �; _M; C j� 2)dCd _M:

(33)
Both curves are normalized to give

R
� (�; a � =

0:9j� 2)d� = 1 : The solid line corresponds to a RMS-
�eld model, whereas the dashed line to a linear-averaged
model. The probable range of� is quite small in each
model, which gives tight constraints on � in that par-
ticular model. The con�dence interval � (RMS b) for a
RMS-�eld spin a� = 0 :9 model overlaps with the inter-
val for a linear-averaged model� (lin b). Thus, a narrow
conservative estimate� est can be provided:

� (RMS b) = 53 � � 3� ; (34)
� (lin b) = 55 � � 4� ;

� est = 50 � � 59� :

The best � for RMS-�eld models with spins a� =
0:5; 0:7; 0:98 are, correspondingly, � = 66 � ; 62� ; 54� :
Thus, our conservative estimate is quite robust.

Likewise, we can calculate the expectation value and
90% con�dence intervals for electron temperatureTe at
6M for spin a� = 0 :9 models:

Te(RMS b) = (4 :62� 0:56) � 1010 K; (35)

Te(lin b) = (2 :86� 0:16) � 1010 K;

Te;est = (2 :7 � 5:2) � 1010 K:

The accretion rate _M has large variations between mod-
els:

_M (RMS b) = (1 :09� 0:13) � 10� 8M � year� 1; (36)
_M (lin b) = (1 :50� 0:15) � 10� 8M � year� 1;

_M est = (0 :9 � 1:7) � 10� 8M � year� 1:

The RMS-�eld model with spin a� = 0 :5 gives very dif-
ferent accretion rate _M (0:5)est � 4 � 10� 8M � year� 1.

There is one more quantity we can estimate: the po-
sition angle (PA) of BH spin. Similarly to Huang et al.
(2009a), we rely on observed intrinsic EVPA� 111:5�

at 230 GHz and EVPA� 146:9� at 349 GHz (seex 2).
For the model to �t the di�erence in EVPA, we add a
Faraday rotation screen far from the BH with constant
rotation measure (RM). Then we compute the required
RM and the intrinsic PA to �t the simulated EVPAs at
230 and 349 GHz. The best-�tting RMS-�eld model with
a� = 0 :9 gives PA = 121� east of north, whereas the best-
�tting linear-averaged model with spin a� = 0 :9 requires
PA= 123 � : The correspondent 90% con�dence intervals
are

PA(RMS b) = 121 � � 20� ; (37)
PA(lin b) = 123 � � 20� ;
PA(est) = 101 � � 143� ;

where the error is dominated by the observational error
of EVPA determination (see Table 1). The estimated
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position still has large uncertainty, what precludes us
from tightening the size estimates (see Figure 13) from
the models. It is reasonable to employ the minimum and
maximum correlated 
uxes found over all orientations.

With the estimated orientation of the BH spin, we can
plot an image of radiation intensity from near the event
horizon. Figure 15 shows images of total intensityI � for
the spin a� = 0 :9 best-�tting RMS-�eld solution on the
upper left panel, the spin a� = 0 :9 best-�tting linear-
averaged solution on the lower left panel; LP intensity
and CP intensity plots for best spin a� = 0 :9 RMS-�eld
model are shown on the upper right and lower right,
correspondingly. Blue (predominant) color on CP plot
depicts the regions with negative CP intensity and red
(subdominant) color depicts the regions with positive CP
intensity. The total V 
ux from this solution is negative
(V < 0). The streamlines on LP plot are aligned with
EVPA direction at each point. The spin axis is rotated
by PA = 121 � east of north for spin a� = 0 :9 RMS-�eld
solution and by PA = 123 � for the linear-averaged solu-
tion. The spin axis is inclined at � to the line of sight,
so that the either right (west) or left (east) portions of
the 
ow are closer to the observer. The color schemes
on all the plots are nonlinear with correspondent cali-
bration bars plotted on the sides. The numbers at the
top of calibration bars denote normalizations.

8. DISCUSSION AND CONCLUSIONS

Let us compare our results with estimates of Sgr
A* accretion 
ow and BH parameters made by other
groups. Two separate searches for spin based on
GR numerical simulations have been reported so far:
Moscibrodzka et al. (2009) and Dexter et al. (2010). The
�rst paper browses the set of spins from a� = 0 :5
to 0:98 for 2D GRMHD simulations, �ts X-Ray 
ux,
230 GHz 
ux, and slope at this frequency, and �nds
at least one model for each spin consistent with ob-
servations (see Table 3 therein). Their best-bet model
has a� = 0 :9. Dexter et al. (2010) focuses on a set of
3D GRMHD, �ts 230 GHz 
ux and size estimates and
provides the table of spin probabilities with a� = 0 :9
again having the highestP(a). If we were only to con-
sider spectrum �tting, then our results would perfectly
conform to the picture with high spin a� � 0:9 being
most likely. When we �t spectrum, LP and CP frac-
tions, spin a� = 0 :9 solutions also give lower reduced
� 2: We are unable to provide narrow constraints ona,
and neither do other groups. Other spin estimates have
been based on analytic models. Broderick et al. (2009,
2010) favor a� = 0 solutions, Huang et al. (2009b) fa-
vor a� < 0:9 although they do not explore their full
model parameter space. Another poorly constrained
quantity is the accretion rate. Our conservative esti-
mate _M est = (0 :9 � 1:7) � 10� 8M � year� 1 is broad. Good
models in Moscibrodzka et al. (2009) have similar _M of
_M = 0 :9 � 10� 8M � year� 1, but _M = 12 � 10� 8M � year� 1

is also found among good �ts. Dexter et al. (2010)
found relatively tight boundaries for 90% con�dence in-
terval of _M by looking at spin a� = 0 :9 solutions by
incorporating 
ow size in � 2 analysis. Our estimate
is consistent with, but slightly narrower than the full
range _M = 5 +15

� 2 � 10� 9M � year� 1 (90%) in Dexter et al.
(2010). Note, that Dexter et al. (2009) got much lower

accretion rate _M (0:9) = (1 :0 � 2:3) � 10� 9M � year� 1 as
they assumed the equality of proton and electron tem-
peratures Te = Tp:

In addition to spin and accretion rate we can constrain
inclination angle � and electron temperatureTe at 6M .
Our conservative estimate is� est = 50 � � 59� , which is the
narrowest of all estimates in the literature. This � is fully
consistent with the estimates� = 50 � in Broderick et al.
(2009); Dexter et al. (2010). Huang et al. (2009a) and
Huang et al. (2009b) favor slightly lower � = 40 � ; 45� ,
but have large error bars. Inclusion of polarized observa-
tions also puts stricter limits on Te. Moscibrodzka et al.
(2009) and Dexter et al. (2010) set constant Tp=Te,
whereas Huang et al. (2009a) and us calculate the pro�le
of Te. In all models, Te is a shallow function of radius,
which made Dexter et al. (2010) estimate the \common"
Te = (5 :4 � 3:0) � 1010 K, which is the quantity calcu-
lated supposedly still at certain distance from the BH
center. Setting this distance to 6M we arrive at the
consistent, but narrower conservative estimateTe;est =
(2:7 � 5:2) � 1010 K: There are two kinds of constraints
on BH spin position angle: 230 GHz correlated 
ux �t-
ting and EVPA �tting. The �rst path was adopted in
Broderick et al. (2009) and Dexter et al. (2010) with the
results PA = ( � 20� ) � (� 70� ) = (110 � ) � (180� ): These
PAs agree quite well with polarization data. Meyer et al.
(2007) predicts the range PA = 60� � 108� , whereas
Huang gets either PA � 115� (Huang et al. 2009b)
or PA � 140� (Huang et al. 2009a) depending on the
model without calculating the range. Our estimate of
PA = 101 � � 143� is quite narrow, and agrees well
with Meyer et al. (2007) and other groups. Signi�cantly
larger error bars, and the fact that very few size obser-
vations are available, make PA estimates from size less
reliable than those from EVPA. In addition, the size of
the 
ow may depend substantially on luminosity state
(Broderick et al. 2009) or the presence of non-thermal
structures, spiral waves, and other features.

In some astrophysical sources PA is directly known
from spatially resolved jets, and Sgr A* may be one such
source. A tentative jet feature was revealed in X-rays by
Muno et al. (2008), Fig. 8 with PA jet = 120� : The mean
of our conservative PA interval practically coincides with
PA jet , which provides support for a jet hypothesis for this
feature.

Besides the estimates of accretion rate and 
ow prop-
erties based on the inner 
ow, there exist estimates based
on the outer 
ow. Shcherbakov & Bagano� (2010) con-
structed an in
ow-out
ow model with conduction and
stellar winds, which provided an excellent agreement to
X-ray surface brightness pro�le observed by Chandra.
Their model had an accretion rate _M = 6 �10� 8M � year� 1

and electron temperature Te = 3 :6 � 1010 K at 6M
(Note that gravitational radius is de�ned as rg = 2 M in
Shcherbakov & Bagano� (2010)). from the center show-
ing a great agreement with present results. Thus, the ra-
dial extensions of density to large radius is justi�ed. We
constrain density in the outer 
ow by X-ray observations
(Shcherbakov & Bagano� 2010) and in the inner 
ow by
sub-mm observations. The resultant density pro�le

� / r � � ; � = 0 :80� 0:90 (38)

is a quite robust estimate. Density power-law index
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Figure 15. Images of polarized intensities for the best-�tting models : total intensity for spin a� = 0 :9 linear-averaged model (lower left);
intensities for a� = 0 :9 RMS-�eld model: total intensity (upper left), linear pola rized intensity and streamlines along EVPA (upper right),
and circular polarized intensity (lower right). Distances are in the units of BH mass M . Images are rotated in the picture plane to �t the
best spin PA: PA = 121 � for the RMS-�eld model and PA = 123 � for the linear-averaged model. Individual calibration bar s are on the
sides of correspondent plots. The ill-de�ned polar region d oes not contribute signi�cantly to the emission.

� lies between� = 1 :5 for ADAF 
ow (Narayan & Yi
1995) and � = 0 :5 for the convection-dominated accre-
tion 
ow (Narayan, Igumenshchev, & Abramowicz 2000;
Quataert & Gruzinov 2000). However, the modi�cation
of the power-law index from the steep ADAF pro�le is
likely due to conduction for Sgr A*, not convection.

In the present paper we combined several sophis-
ticated techniques to arrive at our conclusions. Let
us now examine the viability of the approaches em-
ployed. The dynamical model, despite being based on
3D GRMHD simulations, incorporates averaging and
strong approximations. Despite simulating many Kep-
lerian orbits in the region within 25M , the slopes of den-
sity ne and temperatures Tp and Te, �xed at the outer

ow, break at a radius of roughly 25M . This suggests
one needs to simulate an even larger domain in radius
and potentially add other physical e�ects such as con-
duction (Johnson & Quataert 2007; Sharma et al. 2008;
Shcherbakov & Bagano� 2010). Simulations with larger
dynamic range will also help to constrain the Faraday
rotation, which happens for the present models partially
outside of the simulated domain. The proper simulation
of the polar region of the 
ow may be important as well.
At present we arti�cially limit the magnetization and
temperature there. If we do not, then the numerical arti-
facts associated with excessive numerical dissipation and
heating appear, similar to those in Moscibrodzka et al.
(2009). The unanimous decision in favor ofa� = 0 :9 spin

for similar types of �tting over the simulation-based mod-
els gives a hope that the simulations of di�erent groups
are su�ciently similar and any simulation and averaging
of the sort is representative.

If the non-thermal electrons provide most of energy
for sub-mm peak, then this may potentially invalidate
the spin estimates (Shcherbakov & Huang 2011).

Radiative transfer, in turn, has its own assumptions.
Our emissivities in the special synchrotron approxima-
tion are good enough, providing e.g. 2% agreement
with exact emissivities (Leung, Gammie & Noble 2009;
Shcherbakov & Huang 2011) forb = 20 G, � B = 1 rad,
Te = 6 :9 � 109 K, and observed frequency� = 100 GHz.
Agreement is better for larger Te. The non-polarized
radiative transfer of total intensity (Moscibrodzka et al.
2009; Dexter et al. 2010) has an intrinsic error in com-
parison with polarized radiative transfer with the same
total emissivity " I , however the error is only 1� 5%. We
use the averaged dynamical model to calculate radiation
and do not perform the statistical analysis of radiation
from many simulation shots. This is a strong approxima-
tion, which cannot be easily justi�ed and requires future
improvement. Polarized radiative transfer appears to be
much slower than unpolarized, and the present computa-
tion took 17k CPU-hours on a supercomputer to explore
the full parameter space. Reliable statistics of radiation
over many snapshots may require up to 1M CPU-hours,
and is not viable at present.
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There are still unaccounted sources of error. The mass
of the BH in the Galactic Center is known to within 10%
(Ghez et al. 2008) and the distance is known to 5%. We
do not perform a detailed analysis here, but it seems that
these uncertainties would not lead to signi�cant changes
in our predictions. A simple shift to slightly lower spin
should be able to mimic the e�ect of smaller BH or a BH
at larger distance from us.

Apart from questions of modeling, the improvement
of observational data can lead to further insights on the

ow structure and more reliable estimates of BH spin.
The detailed comparison of 
ux, LP, and CP curves in
Figure 7 show that the models with spin a� = 0 :5 and
spin a� = 0 :9 have discrepancies in these regions not con-
strained by observations. In particular, the CP fractions
at 145 GHz are di�erent. EVPA data needs improvement
as well. Despite some statistics available at 230 GHz
and 349 GHz, the variability of EVPA is about 20 � ,
which translates to � 20� (3� ) uncertainly of the mean
PA, whereas the modeling uncertainty is only several de-
grees. More observations of EVPA at these frequencies
will help to �nd the Faraday rotation measure more pre-
cisely and constraint the PA of BH spin. An alternative
is to observe at higher frequencies� � 690 GHz, where
both the Faraday rotation e�ect and 
uctuations of the
intrinsic emission EVPA are small. Another important
quantity is LP at 88 GHz, whose observations are only
reported in 2 papers. Variations in simulated LP(88GHz)
are quite large between the best models (see Figure 7).
Re�nement of the observed mean log(LP(88GHz)) could
potentially help discriminate better between the a� = 0 :5
and a� = 0 :9 spin solutions. A measurement of the emit-
ting region size or the correlated 
ux is also promising.
Despite the correlated 
ux at 230 GHz being measured
at the SMT-JCMT 3 :5G� baseline, the statistics of this
measurement are needed to capture variations ofFcorr
over at least a year to be comparable with the statis-
tics of total 
ux. The correlated 
ux observations are
currently being accumulated (Fish et al. 2011). The cor-
related 
ux at this baseline is exponentially sensitive to
the physical 
ow size, which can make slightly brighter
states have signi�cantly lower Fcorr . As a caveat, the
conclusion on image sizes may depend on the behavior
of matter in the ill-de�ned polar regions. Our models
do not exhibit signi�cant emission from high latitudes at
230 GHz (see Figure 15) or anywhere above 88 GHz.

The present work o�ers an improvement over the pre-
vious estimates of the Sgr A* spin, inclination, and
accretion 
ow properties, though there is still signi�-
cant room for improvement. Future work would in-
corporate more statistics from recent polarized obser-
vations in the sub-mm. Future 3D GRMHD simula-
tions would have higher dynamic range converging at
r > 50M and likely have a more pronounced out
ow.
Adding Comptonization to radiative transfer would one
to test the quiescent X-rays luminosity L � 4�1032erg s� 1

within 2 � 10 keV (Shcherbakov & Bagano� 2010). So
far we have focused on the mean state and discarded
the information of simultaneity. These data will be
used in future analysis of observations to tighten the er-
ror bars. The time variability properties can be found
from the simulations and compared to the observed
ones. In particular, \jet lags" (Yusef-Zadeh et al. 2008;
Maitra, Marko� & Falcke 2009) and quasi-periodic oscil-

lations (QPOs) (Genzel et al. 2003; Eckart et al. 2006;
Miyoshi 2010) should be investigated using the simula-
tions.
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APPENDIX

RADIATIVE TRANSFER CONVERGENCE

We have written a novel code for general relativistic polarized radiative transfer. As with any new code, we need
to conduct a set of convergence tests to ensure it is working accurately. First, we need to devise metrics for assessing
accuracy. In the present paper we model 
uxes at 7 frequenciesbetween 88 GHz and 857 GHz, LP fractions at 3
frequencies and CP fractions at 2 frequencies and de�ne� 2 as to characterize goodness of �t. We employ a similar
quantity � 2

H =dof to characterize the accuracy of transfer. We de�ne

� 2
H =dof =

1
9

12X

i =1

(Qi; 1 � Qi; 2)2

� (Q)2 ; (A1)

where Qi; 1 are simulated 
uxes for one set of auxiliary radiative transfer parameters and and Qi; 2 are for another
set. The errors � (Q) are the observed errors of the mean, and indexi runs through all 
uxes, log LP, and CP
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Table 2
Values of � 2

H =dof for radiative transfer tests over best models.

Test spin a� = 0 spin a� =
0:5

spin a� =
0:7

spin a� =
0:9

spin a� =
0:98

spin a� =
0:9 (lin b)

PN : 75 ! 111 0.012 0.0034 0.0097 0.014 0.0046 0.0070
PN : 111 ! 161 0.0018 0.0043 0.0017 0.00087 0.0013 0.0012
Pss : 1:003r H ! 1:01r H 0.00072 0.0017 0.0018 0.00065 0.00041 0.0010
Pss : 1:01r H ! 1:03r H 0.018 0.020 0.018 0.017 0.0073 0.020
Pfact : 0:8 ! 1:0 0.027 0.60 0.073 0.050 0.042 0.11
Pfact : 1:0 ! 1:2 0.013 0.185 0.081 0.039 0.017 0.087
Prhopo : Q ! Q+ = 0 :2 0.027 0.064 0.044 0.097 0.018 0.079
PUpo : Q ! Q� = 0 :1 0.096 0.074 0.021 0.017 0.0063 0.0099
PBpo : � 1:5 ! � 1:75 0.19 0.12 0.0026 0.012 0.0049 0.028

fractions. When one of the models �ts the data exactly, then � 2
H =dof coincides with � 2=dof: Auxiliary radiative

transfer parameters designated byP::: include:

1. dimensionless scalePfact of the size of integration region in the picture plane,

2. distance from the centerPss measured in horizon radii rH , where radiative transfer starts,

3. number of points Psnxy = N along each dimension in picture plane,

4. extension power-law slope of density pro�lePrhopo ,

5. extension slope of internal energy density pro�lePUpo ,

6. extension slope of magnetic �eld pro�le PBpo :

Since 
uctuations and di�erences in � 2=dof between di�erent models reach 1, then values� 2
H =dof . 0:1 are acceptable,

but we in general strive for � 2
H =dof < 0:02: We set constant Pfact , Pss, Psnxy for all radiative transfer computations,

but we cannot check the code accuracy for all models. We check the convergence a posteriori for the best RMS-�eld
models at each spin value. We �nd reasonable values of parametersP::: by trial-and-error method for some well-�tting
model and then �x them. The resultant set of auxiliary parameters is Pfact = 1, Pss = 1 :01rH , and Psnxy = 111:
Whereas the values ofPrhopo and PUpo are �xed by extensions to large radii and density in the inner 
ow. Th e tests
and the values of � 2

H are in Table 2. The �rst column describes the test: which quantity we change and how. For
example, Pfact : 1 ! 0:8 means that we tested the convergence of integration region relative size, the value ofPfact
changed from 1 to 0:8: We change only one parameter at a time. Since the power-law slopesPrhopo and PUpo can vary
from model to model, we change them such that rhopo is increased by 0:2 and Upo is decreased by 0:1. This represents
variation of density by a factor of 7 and variation of temperature by a factor of 2:5 at the distance rout = 3 � 105M ,
where extension starts from, yet leading to minor changes in� 2

H =dof < 0:1 (see Table 2). Density and temperature
at rout = 3 � 105M are known better than to within a factor of several (Bagano� et al. 2003; Shcherbakov & Bagano�
2010). Thus, the concerns are invalidated that unjusti�ed power-law extensions of density and temperature to large
radii may change substantially the polarized spectrum. We also estimate the in
uence of magnetic �eld extension
power-law by steepening it from (r=M )� 1:5 to ( r=M )� 1:75: The resultant � 2

H =dof . 0:2 are small for such a change,
but may be much larger for shallower slopes. The extensions as shallow as jbj / (r=M )� 1 may provide better �ts to
Faraday rotation measure and should be carefully explored. Various extensions of the 
uid velocity lead to practically
the same polarized intensities.


